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Class organization

1

2

3

Introduction

Decision Trees

Classification and Regression Trees (CART)

Number of split.

Query selection and node impurity.

When to stop splitting.

Pruning.

Assignment of leaf node labels.
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Features vectors of real (discrete)-valued numbers → Similarity.

Example of fruit description : (red, shiny, sweet, small).

Features vectors of nominal data → Similarity?.

Color=red, Texture=shiny, Taste=sweet, Size=small.

Numbers and nominal data
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How can be best use such nominal data for classification?.

Continuous probability distributions and metrics → rule-based
pattern recognition methods.

How can we efficiently “learn” categories (classes) using such
nonmetric data?.

Problems with nominal data
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A natural and intuitive way to classify → sequence of question
(can be asked “yes/no” or “true/false”).

Such a sequence of questions is displayed in a decision tree.

What’s a decision tree?

pelos?

Canguro

sino

plumas?

… pelícano

sino
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Root node

Links or branches

Leafs nodes

Description of a decision tree

Top

Bottom
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Intepretability

• We can easily interpret the decision.

x=(sweet, yellow, thin, medium) is classified as Banana because
it is (color=yellow) and (shape=thin)

• We can create logical descriptions of the categories.

Apple=(green AND medium) OR (red AND medium)
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Let D a labeled training data…¿How to grow a decision tree?

Growing a decision tree

Classification and regression trees → general framework

(CART)



Rubén Acevedo (Curso TSAM) Aprendizaje basado en arboles 9 de Noviembre           10 / 40

si
nc

(i)

Introduction Decision Trees Classification and Regression Trees

General questions in CART

1

2

3

4

5

How many splits will there be at a node?

Which property should be tested at a node?

If the tree is “too large”, how can it be made smaller? 

If a leaf node is impure, how should the category label be 
assigned?

How should missing data be handled?

When should a node be declared a leaf?

6
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Number of splits

Number of links descending from a node → branching ratio (B)

Size?

Watermelon Apple Grape

B=3

“A tree with arbitrary branching ratio at different nodes can always
be represented by a functionally equivalente binary tree”.
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Number of splits
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Query selection and node impurity

Non-numeric data → there is not geometrical interpretation

For numeric data the query has the form “Is xi ≤ xis”



Rubén Acevedo (Curso TSAM) Aprendizaje basado en arboles 9 de Noviembre           14 / 40

si
nc

(i)

Introduction Decision Trees Classification and Regression Trees

Query selection and node impurity

The simplicity is the fundamental principle underliying tree
creation → simple and compact trees with few nodes

We seek a property query T at each node N that makes the
data reaching the inmediate descent nodes as “pure” as 
possible.

Is more appropiate to define impurity rather than the
purity of a node.
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Query selection and node impurity

Let i(N) denote the impurity at node N: 

• i(N) to be 0 if all of the patterns that reach the node bear

the same category label.

• i(N) to be large if the categories are equally represented.
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Several differents mathematical measures of impurity have
been proposed.

Query selection and node impurity

• Entropy impurity

)N(Plog)N(P)N(i j
j

j ωω 2∑−=

)(P̂)N(P jj ωω ≈

: fraction of patterns at node N that are in category ωj.)(P̂ jω
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• Gini impurity

⎥
⎦

⎤
⎢
⎣

⎡
−=−= ∑∑

≠ j
jj

ji
i )N(P)N(P)N(P)N(i ωωω 21

2
1

Is the expected error rate at node N if the category label is
selected randomly from the class distribuition present at N.

Query selection and node impurity
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• Misclassification impurity

)N(Pmax)N(i jj
ω−=1

Is a measure of the minimum probability that a training 
pattern would be misclassified at node N.

Query selection and node impurity
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Query selection and node impurity
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Query selection and node impurity

Given a partial tree down to node N, what value S should
be choose for the property test T?

)N(i)P()N(iP)N(i)N(i RLLL −−−=∆ 1

where NL and NR are the left and rigth descendent nodes, 
i(NL) and i(NR) are their impurities, and PL is the fraction
of pattern at node N that will go to NL when the property
query T is used.

•Impurity decrement (information gain)
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When to stop splitting

Extreme cases:

• Each leaf correspond to a single training pattern.

Full tree is a look up table and not generalize well.

• Splitting is sttoped too early.

High training error and poor perfomance.
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When to stop splitting

• Cross-validation.

• Set a small threshold (maxS ≤ β)

• Number of patterns in a node.

• Without limits.
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Patrones: (pelos, nadan, color, tamaño) → clase

Atributos o características:

pelos: si / no.

nadan: si / no.

color: blanco, gris, marrón.

tamaño: pequeño, mediano, grande.

Clases: (canguro, delfín, ballena) = (A, B, C)

Example: classification of animals



Rubén Acevedo (Curso TSAM) Aprendizaje basado en arboles 9 de Noviembre           24 / 40

si
nc

(i)

Introduction Decision Trees Classification and Regression Trees

Example: classification of animals

Training patterns:

(si, no, gris, mediano) → canguro.

(si, no, marrón, mediano) → canguro.

(no, si, gris, grande) → delfín.

(no, si, blanco, mediano) → delfín.

(no, si, marrón, grande) → ballena.
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)C(Plog).C(P)B(Plog).B(P)A(Plog).A(P)C,B,A(I 222 −−−=

cba
c)C(P   ,

cba
b)B(P   ,

cba
a)A(P

++
=

++
=

++
= a = 2, b = 2, c = 1

Example: classification of animals

bits .)(Plog).(P)(Plog.log.)C,B,A(I 52191
5
1

5
1

5
2

5
2

5
2

5
2

222 =−−−=

a) Calculation of entropy impurity

Splitting root nodeSplitting root node
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pelos = si
a = 2, b = 0, c = 0

Example: classification of animals

bits )(Plog.)(Plog.log.)c,b,a(I 00000
2
2

2
2

222111 =−−−=

pelos = no
a = 0, b = 2, c = 1

bits .)(Plog.)(Plog.log.)c,b,a(I 91830
3
1

3
1

3
2

3
200 222222 =−−−=
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Example: classification of animals

Likewise for other attributes: 

97100.)nadan(i =∆

72190.)color(i =∆

51700.)tamaño(i =∆

97100.)pelos(i =∆

← Selected attribute for splitting

b) Calculation of impurity decrement for attribute “pelos”

971005509052191
5
3

5
2

222111 ...)c,b,a(I)c,b,a(I)C,B,A(I)pelos(i =−=−−=∆
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Example: classification of animals

nadan?

3 patterns Canguro

nosi
Root node.

¿?
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nadan?

Canguro

nosi

color?

delfín ballena

marróngris

Example: classification of animals

delfín

blanco

Final decision tree

1 pattern. 1 pattern. 1 pattern.

2 patterns.



Rubén Acevedo (Curso TSAM) Aprendizaje basado en arboles 9 de Noviembre           30 / 40

si
nc

(i)

Introduction Decision Trees Classification and Regression Trees

Example: real-valued data.
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Pruning

Large decision trees can have two problems:

The complexity of a tree is measured by the number of

its terminal nodes.

a) Overfitting.

b) Understanding and interpreting is a complicated process.

• Complexity of a tree

Trade-off between accuracy and tree complexity.
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Pruning

Assumption: in a node all classes have the same probability .

S: set of patterns.

N: quantity of patterns.

K: quantity of classes.

n: quantity of patterns of the class with more examples in 

the node

kN
knN)S(E

+
−+−

=
1 Expected probability of error classification
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Pruning

• If the node is a leaf

)S(E)S(Error =

• If the node is internal

∑=
i

ii )A(Errorp)A(rorBackedUpEr

pi : relative frequency of the patterns that are in the node Ai. 

)}A(rorBackedUpEr),A(Emin{)A(Error =

If E(A) < BackedUpError(A) then pruning.
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Pruning: An example

A

[6,4]

B

[4,2]

C

[2,2]

D

[1,2]

B1

[3,2]

B2

[1,0]

D1

[1,1]

D2

[0,1]

C1

[1,0]

BUE(B)=0.413

E(B1)=0.429 E(B2)=0.333

E(B)=0.375

E(B) < BackedUpError(B) → pruning.

BUE: BackedUpError
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A

[6,4]

C

[2,2]

D

[1,2]

B

[4,2]

D1

[1,1]

D2

[0,1]

C1

[1,0]

Repeating the process…

A

[6,4]

C

[2,2]

B

[4,2]

C2

[1,2]

C1

[1,0]

E(D1)=0.5 E(D2)=0.333

E(C1)=0.333

BUE(B)=0.413
E(B)=0.375

BUE(D)=0.444
E(D)=0.4

BUE(C)=0.383
E(C)=0.5

E(A)=0.417
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Assignment of leaf node labels

•Leaf node impurity = 0

Patterns of a single class → label is assigned to the leaf.

• Leaf node impurity > 0

Label should be labeled by the class that has more patterns
represented.
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General considerations

• There are not noisy data.

• Examples are adequate.

• If there are new examples must be the tree to grow again.
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Exercise

Using the data in Table generate a decision tree and classify the following pattern:

(age<=30, income=medium, student=yes, credit-rating=fair)
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The End of Part One!


